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Stable Equilibria of Satellites Containing a Momentum Wheel
in a Controlled Gimbal

J. U. BEUSCH* AND N. P.
Massachusetts Institute of Technology, Lexington, Mass.

In this paper are presented all stable equilibrium states of rotation of a rigid body satellite
containing a single gimbaled momentum wheel in a zero gravity field. For an arbitrary but
fixed speed of the wheel relative to the satellite body, it is shown that there may be one, two or
three stable rotational equilibrium states of the satellite depending on the value of the total
angular momentum. In each of these states the satellite body spins at a constant rate about
an axis which is fixed in satellite coordinates. The relative orientation of this axis in both
satellite and inertia 1 coordinates can be determined from expressions in this paper. Expres-
sions are also derived for the satellite angular velocities and angular position of the gimbal at
each equilibrium state. The gimbal is actively controlled so that nutation damping occurs
for all conditions of satellite unsteady rotation. In addition to extensive analog computer
simulation studies, a prototype gimbal and momentum wheel system was designed and then
tested on a spherical air bearing platform.

Nomenclature

B = gimbal viscous damping coefficient
C = center of mass of the entire vehicle-gimbal-wheel

system
Cg = center of mass of wheel and gimbal assembly
H = angular momentum vector of satellite-wheel system

with magnitude H
h = relative angular momentum of the wheel about its

spin axis
/i,72,/3 = principal moments of inertia of wheel and gimbal

assembly
«/i,/2,/3, = components of satellite vehicle inertia-tensor
«/12,</23,«/31
K = gimbal torsional spring constant
Ki = gimbal control system spring constant coefficient
Kz = gimbal control system integral compensation co-

efficient
Ka = gimbal limit spring constant
S = LaPlace transform variable
Tc = nutation damping dominate time constant
2/!,?/2,2/3 = orthogonal wheel fixed reference frame
21,22,23 = orthogonal vehicle fixed reference frame
<pn = magnitude of the nutation angle
0 = relative gimbal angle _
02j03 = Euler angles defining the location of H,u in vehicle

coordinates
o> = angular velocity vector of satellite body, with mag-

nitude a) = |co|
coi,co2,o>3 = vehicle angular rates about 21,22,23, respectively

Introduction

SEVERAL papers have been written on various aspects of
the analysis of single gimbal momentum wheel systems

for the stabilization and orientation of a satellite vehicle.
References 1-3 consider the stability about the zero gimbal
angle state (nominal equilibrium state). In each of these
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papers the system is composed of a single momentum wheel
mounted on a gimbal axis parallel to a principal axis and
restrained by a linear spring and viscous damping torque pro-
portional to gimbal angular rate. In Ref. 4 all the stable
equilibria of a vehicle containing a single momentum wheel
with spin axis fixed in body coordinates are determined. The
spin axis is not necessarily parallel to a principal axis. In
Ref. 5 the necessary conditions for the vehicle to convert to
the zero gimbal angle state are derived. Conditions for other
possible stable states were not considered as the system was
to be designed such that the vehicle would most likely con-
vert to the zero gimbal angle state. In this paper are pre-
sented all possible stable equilibria for a single gimbaled mo-
mentum wheel system where the gimbal is coupled to the
vehicle with a linear torsional spring and viscous damping
torque proportional to gimbal angular rate as shown in Fig. 1.
The damping torque and part of the spring torque are pro-
vided by an active control system.

To the knowledge of the authors there has been no previous
analysis published concerning all of the stable equilibria of a
satellite containing a single gimbaled momentum wheel.
Five cases of principal vehicle inertia configurations are
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Fig. 1 Satellite vehicle and gimbaled momentum wheel.
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Fig. 2 State 1 equilibrium direction of H and co in vehicle
coordinates.

treated. In each case the momentum wheel spin axis is
parallel to the axis of minimum, intermediate, or maximum
principal inertia. The necessary conditions for stability of
each equilibrium are given in terms of the parameters h,
H, Ji, K, where the value of H is determined by the system
initial conditions since momentum is conserved. The rela-
tive orientation of H in vehicle coordinates is defined by
equations at each equilibrium state and is illustrated in Figs.
2-5. A method of achieving good nutation damping per-
formance for this system is to minimize the expression for the
damping dominant time constant Tc derived here. An actual
prototype gimbal design and its control system is described.
Analog simulation data and air bearing tests were used to
verify the existance of predicted stable equilibria and validate
the predicted nutation decay time performance.

System Description

The gimbaled momentum-wheel orientation and stabiliza-
tion system, as originally conceived as a means of stabilizing a
vehicle in space,1 is based upon the principle of conservation of
angular momentum in the absence of external torques. In
the system considered here, the gimbal axis is coupled to the
vehicle through two linear torsion springs located so one is at
each end of the gimbal axis. These springs allow the gimbal to
rotate relative to the vehicle about the gimbal axis only.
Nutation damping is obtained by applying a viscous damping
torque proportional to the relative gimbal rate.

Prior to ejection of the vehicle from the booster transtage,
the momentum wheel is spun up to a fixed speed. After sepa-
ration, the total system angular momentum vector H is fixed

Satellite Body

H is fixed in inertia! space
H, aj are fixed in satellite coordinates

Zj planeand lie in

J3u)3 -h sin 0]
J1<u1 +h cos0 J

Fig. 4 State 3 equilibrium direction of H and co in vehicle
coordinates.

in inertial coordinates. Its magnitude and orientation are
determined by the wheel speed and angular momentum due to
angular "tip off" rates imparted at ejection. Immediately
following separation, H is not fixed in vehicle coordinates due
to the angular "tip off" rates. However, after the gimbal is
uncaged, relative gimbal motion occurs and the gimbal con-
trol system provides viscous nutation damping proportional to
relative gimbal motion so that the vehicle is driven to its
stable equilibrium state, with H fixed in both vehicle and in-
ertial coordinates.

The precise evaluation of the equilibrium conditions of
this paper requires a knowledge of H, the magnitude of the
angular momentum vector. Approximate bounds on the
value of H can be determined from knowledge of the tran-
stage and separation systems at vehicle ejection into orbit.
In many cases, the equilibrium conditions are insensitive to
fairly large variations in H. Therefore the results of this
paper are useful when H is known only approximately.

Rotational Equations of Motion

In this section the satellite rotational equations of motion
and equilibrium conditions are presented. The derivation
parallels that of Ref, 5 and only the results are stated for the
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Fig. 3 State 2 equilibrium direction of H and co in vehicle
coordinates.

Fig. 5
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convenience of the reader. The "vehicle" subsystem ex-
cludes the gimbal and momentum wheel. Figure 6 shows the
vehicle, gimbal, and wheel configuration. The general ro-
tational equations of motion are derived, with the following
assumptions.

1) An orthogonal vehicle-fixed reference frame ($1,22,23) is
chosen. An orthogonal, gimbal-fixed frame (2/1,2/2,2/3) is chosen
such that the gimbal can rotate with respect to the vehicle
about 2/2, which is parallel with 22. For 6 = 0, 2/1 and 2/3 are
parallel to 21 and 23, respectively. The momentum wheel
spin axis is parallel to 2/1.

2) The center of mass of the momentum wheel lies on the
wheel spin axis (i.e., the wheel rotor is balanced). The com-
bined center of mass of the wheel and gimbal assembly Cg
lies on 2/2 so that the center of mass of the entire vehicle-gim-
bal- wheel system C is stationary within the vehicle frame.
All components are assumed rigid elements. The physical
location of 2/2 is arbitrary within the vehicle.

3) The gimbal reference frame coordinates (2/1,2/2,2/3) are
parallel to the principal axes of inertia of the gimbal-and-
wheel subsystem, which has principal moments of inertia
(/i,72,/3) about Cg.

4) The main vehicle inertias (J1} J2,J3) are taken about C,
the composite center of mass of the vehicle, gimbal and wheel
system, and include the inertia of the gimbal and wheel,
which are represented by a mass concentrated at Cg. These
inertias are calculated about axes parallel to 2i,22,23 and
centered on C. The changes of inertias due to deformation of
the gimbal pivot spring and gimbal are neglected.

5) The magnitude of the relative angular momentum of the
wheel about the wheel spin axis, as seen by an observer at-
tached to (2/1,2/2,2/3), is h, which is held constant by a motor
driven in a control loop by a tachometer.

6) There are no external torques. Thus momentum is
conserved during the period of time for which the analysis
holds.

With these six assumptions, Euler's moment equations for
this system are

/23(co2
2 - co3

2) - (6 + co2)(/j sin0
(/3 - J2)co2W8 + «!(/! cos20 + h sin20) +

0.5(d>3 + coico2)(/3 — /i) sin20 + co2co3(/i sin20 +
73 cos20) + (/8 - /i)0(coi sin20 + co3 cos20) = 0 (1)

0, (2)

/is(«32 — coi2) + h(ai3 cos0 + coi sin0) +
(Ji - Jr

3)o)ico3 + 72(a>2 + 0) + (/i - h) X
[a>io>3 cos20 + 0.5(o>i2 - o>3

2) sin0]

J3C03 + /13(Wi- — C02C08)"+ */23 (C02 + 0>iC03) +

«/i2(coi2 — co2
2) — (0 + co2) (h cos0 — J2coi) +

G/2 - JOeoiafe + cb3(73 cos20 + /i sin20) +
0.5(«i — co2co3)(/3 — /i) sin20 — coio>2(/i cos20 +
73 sin20) + (73 - 7i)0(coi cos20 - o>3 sin20) = 0 (3)

72(co2 + 0) + B6 + K(6) + 0(0) + h(w* cos0 +
coi sin0) + (7i — J8) [coico3 cos20 +

0.5(o>i2 - o>3
2) sin20] = 0 (4)

Equations (1-3) express conservation of total angular mo-
mentum and Eq. (4) is the momentum equation of the gimbal
and wheel about the roll axis.

For the purpose of the analysis presented here, a simplified
version of Eqs. (1-4) can be used. This version is obtained
with these additional assumptions. 1) Gimbal and wheel
inertias are neglected (/i = 72 = 73 = 0) and h is retained
as the only momentum contribution of these components.

It can be shown that if Ii <&Ji,i— 1,2,3 then this assumption
results in negligible change in the stable equilibria and very
little in nutation damping performance. 2) 21,22,23 are princi-
pal axes for the total system as defined previously in assump-
tion 4. Thus the product of inertia terms vanish, i.e., «7i2 =
/23 = «7is = 0. The effect of removing this assumption is
examined below. With these assumptions, the following
simplified equations of motion are obtained:

— (0 sin0 = 0 (5)

h(us cos0 + coi sin0) = 0 (6)

J3C03 + (/2 - Jl)<OiW2 - (0 + <02)& COS0 = 0 (7)

BB + K(0) + 0(4) + h(ui cos0 + eoi sin0) = 0 (8)

The function K(B) designates the total gimbal torsional
spring torque. One torsional spring supports the gimbal and
provides a linear torque for small angles |0| < 0max. The
second spring is very stiff and acts as an elastic limit stop to
maintain gimbal angles below a practical maximum value
while still allowing relative angular motion. Thus K(6) is
represented mathematically by

f#0for |0 | < 0max
K(6) = \ (9)

(KB + Ka(B - 0max) for |0| > 0ma,

The function (7(0) designates the torque generated by the
gimbal torque motor in response to gimbal angular position
feedback. The purpose of this torque is to provide nutation
damping and accurate gimbal alignment by a feedback con-
trol system. A standard form of G(B) is proportional plus
integral feedback, i.e.,

0(6) + K2f6dt (10)

The parameters Ki, Ki are easily adjusted to provide accurate
gimbal nulling and to maintain a given gimbal spring con-
stant. Unless otherwise noted, we shall assume K\ is already
included in K and that K* = 0. The effect of K2 ^ 0 will be
examined below.

In the steady state, cox = o>2 = co3 = 0 = 0, so no energy is
dissipated. Thus each of the possible steady state solutions
of Eqs. (5-8) must satisfy

(11)

(12)

(13)

(14)

(Js — /2)co2a>3 — uth sin0 = 0

(Ji — /3)coio>3 + ^(cos cos0 + coi sin0) = 0

(/2 — Ji)a>ico2 — uih cos0 = 0

K(6) + 0(6) + h(a>i cos0 + coi sin0) = 0

Stable equilibrium conditions are determined by applying
the Routh-Hurwitz stability test to Eqs. (5-8) linearized
about each steady-state solution satisfying Eqs. (11-14).
These steady-state solutions are stable provided the total
system energy E reaches a local minimum for all variations of
coi,o)2,co3,0 which obey the angular momentum constraint H =
const, where

#2

Each steady-state solution for which the energy is mini-
mum is a stable equilibrium state because no transition,
without the addition of energy, can change this state. An-
other method used in determining the stable equilibrium
conditions is to derive the first and second partial derivatives
of E and H2 in order to obtain the constrained first and
second variations of the energy. These conditions so ob-
tained are identical to those obtained from the Routh-Hur-
witz criteria.
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Stable Rotational Equilibrium States

This section presents the stable equilibrium solutions of
Eqs. (5-8) for all values of H. For a given fixed set of param-
eter values, the attainable equilibrium states depend upon the
value of total angular momentum H contained in the system.
The value of H is constant and is determined by the vehicle
initial conditions since angular momentum is conserved. As
H is varied by changing the vehicle initial conditions, the sys-
tem equilibrium states will change. In the following, when-
ever there is more than one stable equilibrium point for a
given value of H (due to symmetry), only the particular initial
conditions determine which point is reached. Here we specify
each stable equilibrium state by the final relative orientation
of the vehicle spin vector co which is fixed in satellite coordi-
nates. We consider five cases of satellite principal inertia
configuration. In each of the five cases treated, the stable
equilibrium states attainable for all values of H are shown.
The following conditions are necessary and sufficient for the
stable equilibrium conditions to exist. Note that H > 0 and
h > 0 since they are magnitude of vectors.

Case I J2 > Ji > /3

In this case there are two stable equilibria possible. These
equilibria are defined as states 1 and 2. The conditions re-
quired for the satellite to be in one or the other of these states
are given below. If H satisfies the condition

H < J,h/(J2 - (16)

the stable equilibrium solution of Eqs. (5-8) is given by state
1, which is defined by

= (H - h)/Ji, co2 = co3 = 0 = 0 (17)
In this stable equilibrium state, the vehicle either does not
spin or spins only about zi, and the gimbal is centered (6 = 0)
as shown in Fig. 2. If H satisfies the condition

H > JaVG/2 - (18)

the stable equilibrium solution of Eqs. (5-8) is given by state
2, which is defined by

= hi/(Jz — Ji), co3 = 0 = 0,
(19)

The vehicle spins about an axis in the 21,22 plane and the
gimbal is centered (6 = 0) at equilibrium, as shown in Fig. 3.
By symmetry there are two stable equilibria corresponding to
positive and negative 0)2.

Case II J3 > Ji > J2 and Case III J3 > J2 > Ji

In each of these cases there are two stable equilibria pos-
sible. These equilibria are state 1, defined by Eqs. (17) and
state 3, defined here. The conditions on H for the system to
be in either state 1 or 3 are given below. If H satisfies the
condition

h - [J,K/(2h)](l +
<H<h-

/i)]}1/2) (20)
the stable equilibrium solution is given by state 1 as defined in
Eqs. (17). If H satisfies either one of the following two con-
ditions
0 < H < h - [J1K/(2h)] (!+{! +

(2/i)2/[W3-/i)]}1/2) (21)

H > h - [JlK/(2h)](l -
{I + (2/OV[W3-/i)]}1/2) (22)

the stable equilibrium solution of Eqs. (5-8) is given by state
3, which is defined by

Wl = -[K0/(2/isin0)](l T {1 +

(2/02 sin0 cos0/[K0(J3 - Ji) ]}1/2) (23a)
co2 = 0 (23b)

co3 = - [K0/(2h cos0)][l ± [1 + (2/i)2 sin0 cos0/

(K0{/3-/!})]]1/2 (23c)
#2 = (Jicoi + h cos0)2 + (Jaws - h sin0)2 (23d)

An explicit analytical solution for 0 cannot be obtained in
general for this case. A numerical solution for 0 can be ob-
tained by solving the transcendental equation obtained after
elimination of coi and cos from Eqs. (23). In state 3, the ve-
hicle spins about an axis in the 2123 plane and the gimbal is
not centered at equilibrium, as shown in Fig. 4. By sym-
metry, there are two stable equilibria corresponding to posi-
tive and negative co3. Note that condition (21) is satisfied
only when the value of K satisfies the relation

K < hz(J3 - Ji)/(JiJz) (24)

Case IV J2 > J3 > Ji

In this case there are either two or three stable equilibria
possible. If the gimbal spring constant K is larger than a
given threshold, there are two stable equilibria for all values
of H, [states 1 and 2 as defined by Eqs. (17) and (19)]. This
case is identical to Case I. If K is smaller than the threshold
value, there are three possible stable equilibria for all H.
These three equilibria are states 1 and 3, defined by relations
(17) and (23), respectively, and state 4 defined here. If K
satisfies the condition

- J.) (25)

the results of Case I are valid for Case IV. This means that
if H satisfies condition (16) then the stable equilibrium
solution is given by state 1 defined by Eqs. (17). If conditions
(25) and (18) are satisfied, then the stable equilibrium solu-
tion is given by state 2 defined by Eqs. (19). If K satisfies the
condition

0 < K (26)

and H satisfies condition (20), the stable equilibrium solution
is given by state 1 defined by Eqs. (17) . If K satisfies relation
(26) and H satisfies either condition (21) or (22) and the rela-
tion

H < /i/2[cos20/(J2 - sin20/(J2 - /3)2 1 / 2 (27)

the stable equilibrium solution of Eqs. (5-8) are given by
state 3. The value of 0 in the upper bound of relation (27)
is determined from the expression

KB - [/i2 sin0 cos0(J3 - Ji)/(/2 - /i)(/2 - J3)] = 0 (28)
If K satisfies condition (26) and H satisfies

H > /*J2[cos20/(/2 - /i)2 + sm20/(J2 - /3)2]1/2 (29)

the stable equilibrium solution of Eqs. (5-8) is given by state
4, which is defined by

o?i = h cos0/(J2 — Ji), o)3 = —h sin0/(«/2 — Js)
co2 = ± {#2//2 - [h cos0/(/2 - Jj)]2 - (30)

The value of 0 in Eqs. (29) and (30) is determined from Eq.
(28). In state 4 the vehicle spins about an axis which is in
neither the 2i22 nor 2i23 planes, and the gimbal is not centered
(0 ^ 0) as shown in Fig. 6. By symmetry there are four stable
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Fig. 6 Momentum wheel and gimbal control system
schematic.

equilibria depending upon the signs of co3 and co2. A special
case, which was not explicitly treated here, is that where
/2 = /3 > /!. This case is treated in Ref. 2.

Case V Ji > J2 > J3

There is only one stable equilibrium state (state 1) and it is
given by Eqs. (17) as shown in Fig. 2. Similar results are
obtained if /i > Js > «/2. If (/icoi + h) < 0, the z\ component
of H is initially negative. The vehicle Zi axis will rotate 180°
with respect to inertial coordinates so that the z\ component
of H is positive in its stable equilibrium state 1. If H = 0, the
gimbal system provides little or no damping in the unsteady
state. In practice, vehicle structural damping will dissipate
energy so the vehicle will slowly convert to state 1.

Gimbal Control System

We have now determined all possible stable rotational
states of the vehicle-gimbal-wheel system for a wide range of
initial conditions and inertia configurations. The gimbal ac-
tive control system, with relative gimbal rate and position
feedback, provide the necessary damping and spring restrain-
ing torques to effectively damp out all unsteady motion (nu-
tations) arising from initial conditions and drive the system
to a stable equilibrium state. A method of parameter selec-
tion in the gimbal feedback control system to achieve accept-
able nutation decay times for motion about each equilibrium
state is given here. Other techniques are described in Refs.
1, 2 and 5.

We present an analytical expression for the vehicle nuta-
tion damping dominate time constant Tc (the time required
for nutations to decay 63%) for the linearized case of motion
near equilibrium state 1. Minimization of Tc was the method
used in obtaining design parameter values for acceptable
nutation damping performance. The damping performance
predicted was then verified by analog simulation of the non-
linear equations of motion for a wide range of initial condi-
tions. Coulomb friction in the gimbal has the effect of freez-
ing the gimbal angle 6 at a small value which allows a mini-
mum nutation angle to exist. An expression for an upper
bound on this angle is given. A brief description of a prototype
gimbal design, which was developed and tested on a spheri-
cal air-bearing table, is included. Some of the mechanical
and electrical problems encountered in this design are de-
scribed. Also described is the effect of introducing a small
amount of integral feedback into the gimbal control system
to provide zero steady-state gimbal angle. This has the ef-
fect of reducing the number of stable equilibrium states pos-
sible for this system.

Nutation Damping Time Constant for State 1

The normal stable equilibrium state of the vehicle for most
typical initial vehicle conditions is state 1 defined by Eqs.
(17). This is a stable equilibrium state for all cases of inertia
configuration and is expected to be the final state after a nor-
mal vehicle ejection in orbit. Linearizing Eqs. (5-8) about
state 1 and taking LaPlace transforms, we obtain the char-
acteristic equation

(31)= 0

where

- Ji)]/Ji2

a, =
a, = B[J2h -
a0 = [JJi -

and H is determined by the initial conditions. Note that Eq.
(31) is stable in each of the inertia configuration Cases I-V
for values of H satisfying either condition (16) or (20). Ap-
proximate roots of Eq. (31) were derived. From the complex
pair of roots which represent the oscillitory nutational mo-
tion, an approximate expression for the dominate time con-
stant of Eq. (31) is

Tc =
+ JJiH]*/[(JiBh*') {JJi + (Ji - J$H] ]H (32)

It has been verified that Eq. (32) is true when

oo > Te » [25J1/3]/[(/i - J*W + JJ3K + J3hH] (33)
Equation (32) shows that the dominant nutation decay time
constant near state 1 can be decreased by increasing the value
of B or decreasing the value of K as long as Eq. (33) is not
violated. A complete analysis of this type of damper using an
integral squared error performance index is given in Ref. 5.

Coulomb Friction in Gimbal

When coulomb friction is present on the gimbal axis, it op-
poses gimbal relative motion 0 so that motion is prevented for
small nutations and the gimbal does no damping. One of the
major design goals in perfecting a prototype gimbal assembly
capable of nearly perfect nutation damping was to reduce
coulomb friction to a negligible value. This goal was ac-
complished in a prototype assembly as described later in this
section.

The magnitude of the nutation angle <pn, for which the
gimbal does no damping due to the coulomb friction torque
TS) is bounded by the relation

\<pn\ < \T,\(J2J3)ll2/h2 (34)

Because of coulomb friction the equilibrium position of the
gimbal in state 1 will not necessarily be 6 = 0. Increasing K
and B reduces this problem at the expense of increasing Tc.
Simultaneously increasing K and B reduces this effect with no
decrease in Tc, but there is a practical limit due to amplifier
gain limits and saturation effects as B becomes large, as well
as the limit of Eq. (33). The approach taken was to use in-
tegral compensation in the gimbal position control system to
maintain a steady-state gimbal null position.

Gimbal Integral Compensation

It was recognized early in the gimbal assembly design state
that difficult practical problems were involved in obtaining a
repeatable, accurate gimbal null position at steady state.
Among these problems were coulomb friction effects, amplifier
offset and drift with temperature and radiation, accurate null
alignment and hysteresis of the gimbal torsional springs in a
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zero gravity environment, and magnetic bias torques from
the brushless dc torquer and tachometer. To minimize these
problems, the integral compensation term defined by Eq.
(10) was included in the gimbal control system. The effect of
this compensation is to permit only those stable equilibrium
solutions of Eqs. (5-8) with 6 = 0. This compensation re-
duces the number of stable equilibria from four possible
states to three by eliminating states 3 and 4 and causing the
addition of a new stable equilibrium state 5 defined by

0.008

h

0)3 =

(35)

idt

This state is a stable equilibrium for inertia configuration
Cases II and III where H satisfies the condition, H > JJi/
(J3 — Ji). Adding integral compensation also increases the
nutation decay time. To insure that the gimbal control sys-
tem position bandwidth is less than the gimbal rate loop
bandwidth, we require Kz < K2/B. Standard control system
design techniques can be used to determine the best value of
K%. The addition of integral compensation allows accurate
nulling of 0 if a suitable angular position sensor is used. A
rotary variable differential transformer was selected due to its
resolution, accuracy, and small size and weight and because it
requires no contact between rotor and stator.

Vehicle Product of Inertia Effects

Suppose assumption 2 is removed so that there are products
of inertia terms present in the equations of motion. These
equations are identical to those obtained by assuming the gim-
bal axes are misaligned with the vehicle principal axes.
Equilibrium solutions can be obtained from Eqs. (1-4) with
7i = 72 = /s = 0. It can be shown that near the nominal
equilibrium state 1, product of inertia terms cause the vehicle
spin axis to be neither parallel with the z\ axis nor the mo-
mentum wheel spin axis. Thus there will be a fixed gimbal
offset which depends upon the relative magnitude of the
product of inertia terms present. Elimination or reduction
of this offset can be accomplished with integral feedback
compensation.

Analog Computer Simulation

The complete simulation of Eqs. (5-10) on an analog
computer was performed to verify the predicted damping per-
formance of Eq. (32). The stable equilibria predicted here
were also verified by the simulation for all five cases of
inertia configuration. The parameter values used in the
simulation were selected on the basis of a communications
satellite designed by M.I.T. Lincoln Laboratory, Ref. 6.
These parameter values are approximately J\,J*,J* = 50, 75,
57 slug-ft2; h = 7.5 ft-lb-sec; B = 6.0 ft-lb/rad/sec; K =
0.28ft-lb/rad; Ka = 10 ft-lb/rad; 0max = 13°; KI = 0.12
ft-lb/rad; K2 = 0.003 ft-lb/rad-sec; and II = 72 = 78 =
0.06 slug-ft2.

In this case J\ is the minimum inertia and there are three
possible stable equilibria, any one of which the satellite can
converge to, depending upon the satellite ejection initial
conditions. A typical solution of coi,co2,co3,0 vs time for a
nominal satellite ejection of H = 8.2 ft-lb-sec is shown in
Fig. 7. For this value of H stable equilibrium state 1 is
reached in approximately 200 sec. Notice the effect of hard
spring limiting on large values of 6 in the gimbal response for
t < 30 sec. Several hundred computer runs were made with
various values of H to verify the expressions for the three
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1500 30 60 90 120
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Fig. 7 Typical state 1 transient response for H = 8.2
ft-lb-sec.

stable equilibria predicted here and to obtain estimates of
time required to reach these states. Substitution of the param-
eter values with H = 8.2 ft-lb-sec into relation (32) yields a
damping time constant value of Tc = 46 sec, which agrees
closely with the transient response of Fig. 7 as predicted.

It was also determined from the simulation data that the
effect of the hard gimbal spring of Eq. (10) was to lengthen
the damping time for large values of H by limiting the maxi-
mum excursion value of 0. If the steady-state value of 6
approaches 0max near state 3, there may be some ambiguity as
to whether K satisfies condition Eq. (25) or (26) at the dis-
continuity point. For certain values of K, Ka, and H, this
may result in an oscillatory settling condition as the vehicle
approaches either state 3 or state 2. To eliminate this prob-
lem, the value of 0max and Ka are selected so that for all prac-
tical values of H encountered, this situation will not occur.

Gimbal Design and Air Bearing Tests

A design utilizing passive gimbal control is shown in Ref. 7.
However, this system was found to be too large and heavy for
the LES-7 satellite. A prototype gimbal assembly was de-
signed and fabricated by Lincoln Laboratory for evaluating
the active gimbal control system concept as a vehicle nutation
damper and attitude orientation device.6 This design con-
sists of a momentum wheel mounted in a support ring and
suspended by two flex pivots. Total weight of the gimbal
assembly without the wheel is 13.0 Ib. This includes a caging
device which can rigidly support the gimbal upon command
from the ground. The prototype gimbal design used torsional
pivot springs rather than bearings and was successful in
eliminating, for practical purposes, coulomb friction torque.

There are several sources of bias torques in the gimbal as-
sembly, but these presented no problem since they do not
limit damping performance and will not cause 6 to be nonzero
in the steady state due to the integral compensation. Sources
and bounds on the values of gimbal torque are as follows.
Tachometer and torque motor magnetic bias torque is less
than 0.06 oz-in. each. The gimbal sensor bias torque is less
than 0.005 oz-in. The hard wire crossing device has a total
torque of less than 0.02 oz-in.

Because of the nature of the gimbal torsional pivot springs
which support the gimbal and wheel, there is an appreciable
shift in the gimbal axis of rotation as the gimbal angle in-
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Fig. 8 Sketch of air bearing used for testing ginibal and
vehicle dynamics.

creases. Allowances for this effect were made in the design
and component selection to insure adequate linearity and null
repeatability for controlling the gimbal angle to an accuracy
of 0.1° under all expected operating conditions. Electrical
power and tachometer signals for the wheel and motor are
transmitted to the gimbal by a hard-wired device similar to
that used in gyro designs.

The gimbal control system electronics consists of two feed-
back loops. The rate loop uses the gimbal tachometer output
signal, which is highly amplified with a chopper stabilized
preamplifier and fed to the power amplifier. The power ampli-
fier provides a pulse width modulated output current whose
average value is linear with the input voltage. The gimbal
angle sensor output is linear with the input voltage. The
gimbal angle sensor output is fed to digital compensation
logic, which provides proportional plus integral compensa-
tion. This output is fed to a digital to analog converter and
then is summed at the power amplifier input with the gimbal
analog rate signal. Total power consumption for the system
in the nominal state is less than 1 w. Peak power usage is
limited to less than 12 w.

The prototype gimbal design has been functionally tested
on a spherical air bearing platform as shown in Fig. 8. Plat-
form inertias were built up to approximately 30 slug-ft2 and
the system was accurately balanced before testing. The gim-
bal was shown to quickly damp nutations of several degrees
down to less than 0.1° in a few seconds. No major problems
have been encountered and the design appears to be success-
ful,

Conclusions

Inclusion of a gimbaled momentum wheel with active nuta-
tion damping in a satellite three-axis attitude control system
greatly simplifies the design of the system. Because the
damping rapidly drives the satellite to its stable equilibrium
state, the dynamic behavior of the satellite that must be con-
sidered in control system design is greatly simplified. The
results of this paper fall into two categories, design of the
gimbal and damping control system and analysis of the dy-
namic behavior of the satellite in its stable equilibrium states.
All possible states may be of interest because excessive dis-
turbance torques due to tip off rates or unanticipated com-
ponent failures, e.g., gas jets, could cause H to be larger than
its nominal value. The first step in recovering from an exces-
sive disturbance torque is understanding the important as-
pects of the dynamic behavior of the satellite under all condi-
tions. The results of this paper provide this first step.
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